We study the entanglement contour, a quasi-local measure of entanglement, and propose a generic formula for the contour in 1+1d quantum systems. We use this formalism to investigate the real space entanglement structure of various static CFTs as well as local and global quantum quenches. The global quench elucidates the spatial distribution of entanglement entropy in strongly interacting CFTs and clarifies the interpretation of the entanglement tsunami picture. The entanglement tsunami effectively characterizes the non-local growth of entanglement entropy while the contour characterizes the local propagation of entanglement. We generalize the formula for the entanglement contour to arbitrary dimensions and entangling surface geometries using bit threads, and are able to realize a holographic contour for logarithmic negativity and the entanglement of purification by restricting the bulk spacetime to the entanglement wedge. Furthermore, we explore the connections between the entanglement contour, bit threads, and entanglement density in kinematic space.
I. INTRODUCTION
Many-body entanglement has played a central role in modern theoretical physics. It has been used for characterizing quantum critical systems [1] and topological order [2, 3] and is a key ingredient for the emergence of bulk spacetime in gauge-gravity duality [4] [5] [6] . Furthermore, it is a useful probe of thermalization in many-body systems. The standard measure for pure state entanglement is the von Neumann entropy, which is a highly nonlocal quantity associated to an entire codimension-1 region of * jkudlerflam@uchicago.edu † imaccormack@uchicago.edu ‡ ryuu@uchicago.edu spacetime. Likewise, its holographic dual is the area, A, of the extremal surface in the bulk that is homologous to the boundary subregion of interest [4, 5, 7 ]
It is desirable to decompose the von Neumann entropy into local quantities that describe the contribution of each local degree of freedom in a given subsystem to the total entanglement. This would act as a quantitative measure complementing the geometric picture of real space entanglement seen in tensor networks. For instance, a suitable fine-grained measure would show the dominance of the entropy for ground states of gapped Hamiltonians near the entangling surface, and a constant entropy density for thermal states. Progress on decomposing entropy into a fine-grained quantity was made with the introduction of the entanglement contour [8] .
The entanglement contour at a point x in subregion A, s A (x), is non-uniquely defined through five conditions:
It is an open program where more conditions may need to be defined. Contour functions have previously been constructed for free fermions, harmonic lattices, single intervals in 1+1d holographic CFTs, and 1+1d inhomogeneous critical systems [8] [9] [10] [11] [12] , with each having a unique construction. We find that bit threads [13] , an alternative description of holographic entanglement entropy, elucidate the non-uniqueness of the entanglement contour.
We organize the paper as follows: In section II, we unify the entanglement contour for generic 1+1d systems and compute the contour for a range of static systems with distinct entanglement structures, including thermal systems and defect CFTs. In section III, we use bit threads to propose a holographic realization of the entanglement contour for any dimension and entangling surface geometry. In section IV, we tie together the notions of the entanglement contour, entanglement density, and bit threads with kinematic space. We then introduce dynamics in section V with both local and global quantum quenches. The contour proves to be particularly useful in characterizing non-equilibrium dynamics and clarifies the interpretation of the entanglement tsunami picture in ergodic CFTs [14] [15] [16] [17] .
II. ENTANGLEMENT CONTOUR FOR 1+1D SYSTEMS
In order to construct an entanglement contour for genetic quantum systems, let us partition a subregion A into n degrees of freedom {A i }. The entropy of A can be expanded in terms of conditional entropies
where conditional entropy is defined as
For conciseness, we replace the first and last terms of (4), S(A 1 |A 1 ) and S(A n |A n ), with S(A 1 ) and S(A n ), respectively. This leads us to a natural entanglement contour
Technically, this is an entanglement contour for any dimension, though for higher dimensions there will be an ambiguity regarding the ordering of {A i }. Therefore, we restrict our current focus to 1+1d systems and return to higher dimensions in Section III. In [10] , an entanglement contour was proposed for single intervals in 1+1d holographic CFTs
where
This was derived using natural slicings of the Ryu-Takayanagi surface arising from the bulk extension of the modular flow. (6) generalizes this formula to multiple intervals and generic quantum systems.
We will now prove that (6) satisfies all five conditions for an entanglement contour completely generally, without any reference to holography or quantum field theory.
1. Positivity: This follows directly from the strong subadditivity of von Neumann entropy [18] .
2. Normalization: By construction, normalization is satisfied.
3. Symmetry: We take a spatial symmetry that ex-
Each component of (6) is invariant under such a transformation, so
4. Invariance under local unitary transformations: As stated in [10] , the causal property of entanglement entropy ensures that all components of (6) are stationary under unitaries acting nontrivially only on A i .
Upper bound:
We take a subregion A 2 ⊂ A that is contained in a factor space Ω A . We must then prove that s A (A 2 ) ≤ S(Ω A ). By the additivity of the contour and subadditivity of von Neumann entropy,
A. Static examples
We reproduce results derived in [10, 19] , so that we can refer to them later on. For the vacuum, the contour for the 1+1d subinterval, (−l/2, l/2), is
and for a thermal state with inverse temperature β,
It was also shown in [19] that for the warped CFT dual to AdS 3 with chiral boundary conditions [20] ,
Interestingly, this is identical to the regular CFT result with an additional "thermal" term.
Defect CFTs
Using a simplified version of the Randall-Sundrum model, we can model the holographic dual of a defect CFT (dCFT) as two copies of AdS 3 with a deficit angle [21, 22] with the metric
Above, l AdS is the AdS curvature radius, ρ is the radial coordinate (with asymptotic boundaries at ρ = ±∞), and y is the transverse spatial coordinate. The two copies of the deficit angle AdS are glued together at a tensionful brane, which models the defect. For a brane of tension λ, the radial coordinate ρ ranges between −∞ and
To consider the dCFT, we double the domain by attaching ρ ∈ (−ρ * , ∞). Using (6), we find
Naturally, all of the boundary entropy is localized on the defect brane.
Black hole microstates
Black hole microstates are dual to high-energy eigenstates of the CFT, which can be formed by the operatorstate mapping of local heavy operators, ψ, with conformal dimensions h ψ =h ψ . The entanglement entropy is calculated by the four-point function
Leveraging progress in the calculation of conformal blocks for "heavy-heavy-light-light" correlation functions [23] , the entropy is found to be [24] S A = c 3 log
where l is the length of the interval and β ψ is an effective temperature
We then find the entanglement contour for the highenergy eigenstate
analogous to a truly thermal state. While these states clearly obey the Eigenstate Thermalization Hypothesis [25] , the contour may be particularly useful for understanding systems whose eigenstates do not thermalize, e.g. many-body localized phases and scar states [26] .
Massive deformation
We perturb our CFT by a massive deformation as was done in [4, 5] . This is crudely done by capping off the bulk IR geometry with characteristic correlation length ξ. For small intervals, we still have the critical vacuum entropy
but for large intervals,
In order to probe the IR region, we work with a large interval (−l/2, l/2) with l ξ. It is then clear that the contour is trivial away from the entangling surfaces, and is universal and independent of l near the entangling surfaces
This is the area law behavior we would hope for the contour to capture, though the polynomial decay of the contour is most likely due to our crude setup. We expect that more realistic gapped theories will have exponentially decaying entanglement contours. We bring the reader's attention to [27] where a similar quantity named the "entropy density" is introduced to study the structure of entanglement entropy around the entangling surface in gapped phases. Similarly, the contour may be interesting to study in higher dimensional gapped phases.
III. HIGHER DIMENSIONAL CONTOURS, ASYMMETRIC SUBREGIONS, AND BIT THREADS
It is clearly of interest to generalize the notion of an entanglement contour to arbitrary dimensions and entangling surface geometries. We address these issues in this section with motivations from the construction of holographic entanglement entropy from bit threads [13] . A bit thread construction involves a divergenceless vector field, v, whose norm is bounded by (4G N ) −1 . We sketch a bit thread configuration in Fig. 1 . The RyuTakayanagi formula for a boundary region, A, can then be reformulated as a maximization problem
where the maximization is over all bit thread configurations. By comparing to the normalization condition, we immediately see how this notion of bit threads is useful for constructing entanglement contours. For any maximal bit thread configuration respecting the spatial symmetries of the boundary region, we can define the contour function
We now prove this obeys the conditions from [8]:
1. Positivity: The contour is non-negative because the norm is non-negative.
2. Normalization: The work of [13] explicitly proved the normalization of the contour over a boundary region using the max-flow min-cut theorem.
3. Symmetry: We have imposed symmetry in the definition by only allowing bit thread configurations which respect the spatial symmetries of the region.
4. Invariance under local unitaries: As before, this is ensured by causality.
Upper bound:
If the interval is a union of disconnected regions, there exist nontrivial factorizations of the Hilbert space. We take a disconnected region A and a subregion X ⊂ A. The flux of bit threads at X is bounded by the maximum flux of bit threads for all of A over all bit thread configurations, which is equivalent to the von Neumann entropy of A. Therefore, the upper bound is satisfied.
The degeneracy of extremal bit thread configurations is enormous. Given that these configurations respect the spatial symmetry of the boundary subregion, each provides a distinct contour function. This is a clear way of understanding the non-uniqueness of the entanglement contour. The only universal parts of the contour are the divergent pieces near the entangling surface. Far from the entangling surface, one can always choose a bit thread configuration for which the local contour function is trivial. However, the bit threads can be rearranged so that the local contour function is finite at the same point at which it was trivial for the other configuration. This is an unsettling phenomenon for a fine-grained entropy. We are willing to accept that the entanglement contour is degenerate, but wish to impose additional constraints that would enforce the following property for any two contours, s Happily, recent work on bit threads [28] has provided explicit constructions of bit thread configurations which satisfy our conditions for the contour. We begin with what the authors refer to as "geodesic flows," where the bit threads follow bulk geodesics.
FIG. 1.
In the black hole geometry (subspace shown), there are two configurations for the minimal entanglement wedge cross section, the standard minimal surface (short dashed lines) and the disconnected surface reaching the horizon (longer dashes). For the entanglement entropy, bit threads can terminate on the black hole horizon, so both the green and blue bit threads contribute. For LN/EoP, only the blue bit threads will contribute.
In d spatial dimensions, for boundary regions with spherical entangling surfaces of radius R, the following norm of the geodesic flow was found
where z is the bulk radial coordinate and r is the distance from the center of the ball-shaped region on the boundary. Note that all angular dependence has dropped out. The contour is defined at the boundary, so we find
The dimensional dependence clearly shows that only for the 1+1d case are there significant entanglement contributions away from the entangling surface, displaying the logarithmic violation to the area law. Interestingly, for 1+1d, this is the exact ground state contour function that is found using the bulk modular flow (6) . This means that the bit threads following geodesics have matched boundary points to points on the RT surface identically to the matching from the modular flow.
A. Entanglement wedge cross sections
We would now like to restrict the bit threads to the entanglement wedge, which is the bulk dual of the CFT density matrix ρ AB [29] . The entanglement wedge is a codimension-1 bulk region whose boundary is the union of the RT surface and A ∪ B. Using the formalism for holographic logarithmic negativity (LN) from [30] where the negativity is related to the area of the minimal entanglement wedge cross section, we can concoct a contour for negativity [31] . Minimal entanglement wedge cross-sections for general entangling surface geometries have also been studied in connection to entanglement of purification (EoP) [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , so our contour can be interpreted in that context as well. Both LN and EoP are useful measures for mixed state entanglement.
We define a holographic entanglement contour for LN and EoP much in the same way as we did for the contour for the entanglement entropy. Again, we need a divergenceless vector field, v, whose norm is now bounded by X d (4G N ) −1 for LN and (4G N ) −1 for EoP, where
for spherical entangling surfaces. For less symmetric setups of LN, nontrivial backreactions in the bulk must be accounted for [30] . However, the formula for EoP is still valid for asymmetric set-ups. Guaranteed by the maxflow min-cut theorem, the entanglement wedge crosssection and hence the LN and EoP are calculated as
where each bit thread must start and end on A and B. This leads us to the LN/EoP contour
In order to construct valid bit thread constructions restricted to the entanglement wedge, we need to use the notion of "maximally packed flows" [28] . For a single interval (−l/2, l/2) at inverse temperature β, there are two configurations for the entanglement wedge cross-section. The cross-over from the standard extremal surface to the one connected to the horizon occurs around l/β ∼ 0.28 ( Fig. 1) . In the connected regime, the LN/EoP contour is simply proportional to the thermal entropy contour (10)
where ξ = 2 for LN and ξ = 3 for EoP. More interestingly, when the cross-section is disconnected, thermal contributions are subtracted and we find that the LN/EoP contour is only nontrivial (and divergent) near the entangling surface
clearly showing that β plays the role of the quantum correlation length in thermal systems.
IV. CONNECTION TO KINEMATIC SPACE
Starting from a time slice of AdS (or any other Euclidean surface), one can define an auxiliary Lorentzian manifold known as kinematic space [42] . This manifold corresponds to the space of geodesics on the original space. In AdS /CFT, kinematic space encodes a number   FIG. 2 . In kinematic space, the conditional mutual information is computed by the "bulk" volumes. The left and right shaded lavender regions are I(A2,Ā|A1) and I(A2,Ā|A3) respectively. Interpreting MERA as kinematic space, the entanglement contour is computed by the number of isometries (green triangles) in the shaded lavender regions.
of important quantum information theoretic quantities related to the boundary CFT state in an elegant geometric fashion [42] . Here we describe how the entanglement contour can be encoded. Computationally, this may be useful for investigating the local entanglement structure in MERA tensor networks, which have been interpreted as a discretized version of kinematic space [43] . It also may be a useful local quantity for reconstructing bulk geometry in AdS /CFT.
The length of a geodesic, γ is computed by an integral over kinematic space,
where ω(u, v) is the Crofton form and m γ (u, v) is the number of intersections between γ and the geodesic anchored on lightcone coordinates (u, v). Another quasilocal measure of entanglement called the entanglement density is defined as [44] n(u, v) ≡ 1 2
This serves as the natural form for kinematic space [42] 
Restricting ourselves to an overall pure state with periodic spatial boundary conditions, the entanglement contour is then an appropriate volume of kinematic space
with x unconstrained because the continuum version of (7) can be found by integrating the entanglement density n(x, y)dy
To choose a natural x , we rewrite the entanglement contour in terms of conditional mutual information
agreeing with our initial construction of (6) . Conditional mutual information is encoded in kinematic space by volumes of appropriate causal diamonds (multiplied by factors of log χ, where χ is the bond dimension). In MERA tensor networks, volumes are equivalent to the number of isometries in the region. We demonstrate this in Fig.  2 .
The relation between the entanglement contour and conditional mutual information completes the circle of connections between the contour, entanglement density, bit threads, and kinematic space. It may be illuminating to study these connections further in the context of quantum bit threads in MERA [45] .
V. QUANTUM QUENCHES
The entanglement contour is particularly suited to dynamical settings because it can locally quantify how quantum information flows in time. We use quantum quenches to model out-of-equilibrium processes. Using (6) for the contour, we follow the formalism developed in [46] in which the Riemann surface corresponding to a given quantum quench is mapped to the half plane. From there, the holographic entanglement entropy can be computed by geodesics in AdS with a spacetime boundary. For global and local (Calabrese-Cardy) quenches [47, 48] , these conformal maps are
where is a regulator. The contour for global quenches provides an excellent visual representation of the entanglement tsunami proposed in [14] . This includes an early time quadratic growth and late time linear growth (see Fig. 3 ). However, there is an important distinction between our picture and the tsunami. The tsunami velocity, v E , for 1+1d CFTs is 1 in units of the speed of light. We find that the entanglement propagates in real space at a contour velocity of
This is not a violation of causality because entanglement should not be thought of as a local object propagating from the entangling surface, as in the original tsunami picture. Rather, it can heuristically be thought of as a set of non-local waves generated at every point in space, analogous to the quasi-particle picture [49] . This leads to the larger "velocity" of entanglement (39) . Furthermore, the contour waves move through each other at t = l/4
The entanglement contour following a global quench with c = 1 and β = 2. After initial quadratic growth, the contour waves propagate at vc = 2 and cross one another at t = l/4, only to halt at t = l/2. The contour for the interval saturates at its thermal value.
and only halt once they have reached the opposite entangling surface at t = l/2. On the contrary, in the original tsunami picture, the waves stop once they have reached each other. This presents a significant difference when investigating the spatial structure of entanglement. The tsunami predicts that there is no entanglement between the center of the interval and the interval's complement when t < l/2 while the contour predicts nontrivial entanglement at the interval center for t > l/4. While the tsunami velocity effectively characterizes the growth of the entanglement entropy nonlocally, the contour velocity captures the real-space velocity at which the entanglement spreads in real space. The contour velocity will generally depend on spacetime dimensions and its relation to the tsunami velocity will be less trivial than the factor of 2 that was found in 1 + 1d. It would be fascinating to find effective equations of motion for the entanglement contour analogous to those which have been studied for entanglement entropy and out-of-time-ordered correlators [50] [51] [52] [53] [54] . These may directly address the question of how quantum information locally flows in time. We expect different equations of motion for integrable and ergodic theories.
For the local (Calabrese-Cardy) quench, the tsunami picture does not apply, though we find a transient contour wave propagating at v c = 1. (see Fig. 4 ). After the wave passes, the contour relaxes to its ground state value.
An additional way to induce a local quench is by inserting a local heavy operator of weight h ψ at the origin. The gravity dual to this protocol was shown to be a boosted black hole [44] . The entanglement entropy for an interval (l 1 , l 2 ) away from the origin for a time t > 0 is found [24] 
where δ is a regulator for the operator insertion and α ψ = iβ ψ /2π. We find an entanglement contour for semiinfinite intervals
The late time behavior is a combination of the vacuum value and a relaxation term. The contour following the operator quench is contrasted with the (CalabreseCardy) quench in Fig. 4 .
For an interval that contains the origin, the entanglement entropy is 
An interesting feature of the contour can be seen from an interval containing the origin. As we would expect from causality, the total entanglement entropy of the interval is constant at early times. However, the contour is able to detect the rearrangement of entangled degrees of freedom within the interval. That is, the distribution of entanglement between the local degrees of freedom inside of the interval and the complement of the interval changes, but the total entanglement entropy of the interval remains the same.
VI. DISCUSSION
In this paper, we have introduced an entanglement contour for generic 1+1d systems and proposed a generalization to arbitrary dimensions and entangling surface geometries for holographic CFTs using the notion of bit threads. Zeroing in on a preferred bit thread configuration is an important direction for future study. We have found that the entanglement contour is particularly enlightening when studying dynamical situations and clarifies the physical picture associated to the entanglement tsunami. We argue that the tsunami velocity is the velocity of nonlocal entanglement growth for an interval while the contour velocity captures the real-space velocity of entanglement propogation in real space. It will be fascinating to study higher dimensional quantum quenches to determine how the contour velocity is affected. A covariant description of bit threads will play a key role. Furthermore, generalizations to higher curvature gravity (à la [55] ), gauge theories, tensor network states other than MERA, as well as explicit constructions of negativity and purification contours are exciting avenues for understanding quantum entanglement at an even finergrained level. Hopefully, this will lead to further insights about the connection between geometry and quantum entanglement.
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